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The Alpha Collaboration has proposed an optimal value for csw in the Sheikholeslami- Wohlert action, chosen 
to remove O(a) effects. To measure hadronic matrix elements to the same accuracy we need a method of finding 
0(a) improved operators, and their renormalization constants. We determine the Z factors by a non-perturbative 
method, measuring the matrix elements for single quark states propagating through gauge fields in the Landau 
gauge. The data show large effects coming from chiral symmetry breaking. This allows us to find the improvement 
coefficients too, by requiring that the amount of chiral symmetry breaking agrees with that predicted by the chiral 
Ward identities. 



1. INTRODUCTION 

There is current interest in improving the Wil- 
son fermion action to remove all 0(a) discretiza- 
tion errors. An improved action is already known 
|l| , however to measure matrix elements without 
0(a) errors we also need a method of improving 
the operators. This is done by adding improve- 
ment terms, operators of higher dimension, ei- 
ther with one extra derivative or with an extra 
power of the quark mass m q . In this talk we dis- 
cuss a non-perturbative method of determining 
the renormalization factors, Z, and the improve- 
ment coefficients, Cj and 6, for these operators. 

The method of finding Z is that suggested 
in [0, operator expectation values are measured 
for quark states travelling through Landau gauge 
gluon configurations. The Z factors are found 
from the ratio of the measured expectation values 
to the tree-level value. The improvement coeffi- 
cients can be found from the same sort of data, 
by using the chiral Ward identities of QCD. Our 
computational methods are discussed in more de- 
tail in ||. 

*Talk given at Lattice '97 by P. Rakow. 



2. CHIRAL WARD IDENTITIES 

We need a way to identify the 0(a) effects in 
three-point functions, so that we can tune the im- 
provement parameters to remove them. There is 
a way to do this, since the Wilson mass term and 
the Sheikholeslami- Wohlert clover term both vi- 
olate chiral symmetry 

If we were simulating a theory which respected 
chiral symmetry, it would be easy to use this 
fact to pick out O(a) effects, and we could recog- 
nise the correct improvement parameters by the 
restoration of chiral symmetry. However for lat- 
tice QCD things are not quite this simple. As 
well as the chiral symmetry violation coming from 
lattice artifacts, which we want to remove, there 
is also genuine chiral symmetry violation, some 
coming from the fact that we work with finite 
quark mass, and some from the well-known fact 
that QCD spontaneously breaks chiral symmetry. 
We need to know how big the real violation of chi- 
ral symmetry is. 

Fortunately there is a way to identify this gen- 
uine component of chiral symmetry breaking [Q. 
Chiral Ward identities can be constructed for any 
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Figure 1. The chiral Ward identity Eq.(^) relating the 
fermion propagator (open symbols) to the pscudoscalar 
density (filled symbols). The data are for (3 = 6.0, csw = 
1.769, and the ft values 0.130,0.1324 and 0.1342. 



Green function, which tell us exactly how much 
violation of chiral symmetry should be present. 

The simplest case to consider is the fermion 
propagator. In theories, such as the naive fermion 
action, where the only explicit breaking of chiral 
symmetry is a mass term moifiip, the quark prop- 
agator satisfies 



l5S(p) + S(p)^ 5 = 2m G 75 (p) 
juS-Xp) + S-\p) l5 = 2m A 75 (p), 



(1) 



where A 75 is the amputated three-point function. 
Because p 1 and 75 anticommute, this identity re- 
lates the running mass (the scalar part of S^ 1 ) 
to the pseudoscalar density. With naive fermions 
Z m Z 75 — 1, so the Ward identity Eq.(|l|) holds 
in the same form both for bare and renormalized 
Green functions. If chiral symmetry is sponta- 
neously broken the right hand side doesn't van- 
ish as mo - * 0, and the fermion propagator looks 
massive even in the chiral limit jsj . 

In our action this chiral Ward identity is not 



automatically true. As well as chiral symmetry 
breaking from the mass term there is additional 
breaking from the Wilson and clover terms. We 
can now determine improvement coefficients, and 
find some information about the Zs, if we impose 
the chiral Ward identity, by insisting that the im- 
proved Green functions obey the identity 

7sSr>) + S- m » 75 = Z m Z jB 2m q A™*>(p), (2) 

where m q = l/(2/c) — l/(2/t c ). 

We are fortunate that improving G 75 is eas- 
ier than improving most operators. There is 
no single-derivative operator to add, all we have 
to do is multiply G 75 by a factor of the type 
(1 + barriq). 

The improvement of the quark propagator is 
slightly more complicated. As well as multiplying 
by a TOq-dependent factor, we also have to sub- 
tract a contact term from the propagator [||J^J^1 



S(p) 



(1 + b 2 am q ) m R {p)) 



+ a\ + 0{a 2 ) 



S m P(p) = (1 + b 2 am q ) (S(p) - aX) . (3) 



A is a constant in momentum space, or a 5 func- 
tion in position space. This makes the chiral sym- 
metry breaking term as short-range as possible. 
In perturbation theory we can see that the O(a) 
corrections to the propagator only take this sim- 
ple form if csw is correctly chosen Q. 

In Fig.|l| we show how well the Ward identi- 
ties can be satisfied when the improvement co- 
efficients are correctly chosen. The agreement is 
good while a 2 p 2 < 2. 

3. THE LOCAL VECTOR CURRENT 

There are similar Ward identities for the flavour 
non-singlet three-point functions, but they re- 
quire the measurement of four-point functions H. 
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H l5 , T {p) ee ^(M^M^TM^y^-^ (4) 

ijkl 

where M is the fermion matrix. In naive fermions 
Ward identities analogous to Eq.(fy) relate the 
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chiral violation in the three-point functions G to 
moH. For example, for the local vector current, 



7 5 G 7 „ + GL75 = mo (H, 



7^; 75 



H. 



75;7 t . 



(5) 



The Hs also appear in Ward identities for the 
parity-splitting between the operators T and 
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Figure 2. The left and right hand sides of the chiral Ward 
identity Eq.(f«) for the improved vector current, with c\ v = 
(upper figure) and c\ v = 1.16 (lower figure). When we 
choose c\ v correctly, the Ward identity holds well. The k 
values are the same as Fig.l. 

Again these identities do not hold automati- 
cally for clover fermions, but we can require that 
they hold for the improved and renormalized Gs 
and Hs. We should point out that the renor- 
malization of the Hs is not simply multiplicative. 
Because the sum over the sites in Eq.(Q) includes 
short-distance contributions, coming from regions 
where the two operator-insertions are close to- 
gether, additional counter- terms, proportional to 
three-point functions, arise. These will be dis- 
cussed in more detail in ||. 

The first operator we have tried this method on 
is the local vector current. In Fig. [2] we compare 



the amputated Green function for the improved 
local vector current, with the value it should have, 
according to the Ward identity Eq.(|J). As in (|] 
amputations are performed by dividing by the 
improved fermion propagator. We see that the 
comparison is very sensitive to the value of the 
improvement coefficient c\ v , defined by 

(V'7^V') lmP = (1 + abrriq)^^ - aci v ip ip. (6) 

When we use a poor value (as in the upper graph) 
the violation of Eq.(||) is clear. Our preliminary 
result is that we find the best agreement with 
the Ward identity when c\ v w 1.16,6 w 0.1 and 
Z v w 0.87. Since we are working with off-shell 
quantities we can not use the equations of motion 
to eliminate either b or c\ v . 

We can test these coefficients, derived from off- 
shell quarks, by using them to renormalize our 
on-shell nucleon measurements. The results are 
in good agreement with the known value of the 
conserved vector current Q . So we see that using 
chiral Ward identities to tell us when 0(a) effects 
have been removed seems a promising method. 
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